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A localization theorem for Beta approximation operators f, (n=1,2..),
B fx)=[q po(x 1) flu ') du, where

b uy = (X" Bn, m)Wu" Y+ ), x>0

has been proved and with the help of this theorem the uniform convergence of §,,f
to f every fixed interval [x,, x,] (0 <x, < x,< o) has been established. 1985

Academic Press, Inc.

1. INTRODUCTION

In [3, Chap. VI], while studying conditions for the regularity of
sequence-to-sequence transformations, beta transform arose naturally. The
beta transform of order (p, ¢) is defined as

- [(/ 1

'%I’¢I[¢(I); X] - ‘o W

(1) dt (Re p>0,Reg>0, Re x>0).

(1.1)

It has been discussed briefly in [3, Chap. VII].

Using the beta transform kernel, 1" " '/(1 + xt)"*" (m,n=1), a double
sequence of linear, positive, integral operators f,,, (m,n=1, 2,...) has been
introduced in [3, Chap. IX]. The (m, n)th beta operator 1s

B, (fix)= J” b, (% u) f(nfmu) du, (12)
where
.\'” H” !
ho(x u) = Bl (L xa 7 (mn=1,2..),
85
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x>0and f(-)e M[0, c) (M[O, > ) is the linear space of the functions f(7)
defined for />0 and bounded and Lebesgue-measurable in every interval
[r.,R] (0<r<R< o) [1, Definition 1.1]).

Some elementary properties and estimates for these operators have been
given in [5] and [6]. It has been proved in [5, Theorem 2.1] that

hm B,/ x)=f(x), uniformly in [x,, x,], (1.3)

T2 ANT I

if f(\)eS[x,.x,] (S[x,,x,] is the linear space of bounded functions
f(-)e M[0, o), continuous at all points of the fixed interval [x,, x,]
(0<x, <x,<0)) In case x, =0, the continuity at x, is one-sided [1,
Definition 2.1].

To avoid the double limit, we take m =n and obtain a sequence of the
operators

T

BAfx)=| bl u)flu Ydu  (x>0), (14)

0

where

n o

X u

b(x,u)= 5
) = e T )™

(n=1,2..), f("Ye M[0, o).

It also follows easily that if f(-)e S[x,, x,], then

lim B,(f, x)=/f(x) uniformly in [x,, x,]. (1.5)

n— 7

Lupas {2] has also introduced a sequence of linear, positive, integral
operators B, (termed beta operators) as follows:

~l

(B,/)x)=|

Bt x) flt) dr (n=1,2,.), (1.6)

where

1 ,
3 tx)= (] — all  x) X .
Pkt )= g T O Y xeo1]

The kernel of these operators is from the beta distribution with positive
parameters p, ¢ and with the probability density function

hp_q([)zos —%<f$0,
=" Y1—07 YYB(p.q), O<t<l;
=0, | <t < oo

p=nx+1, g=n+1—nx
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There is quite a difference between the definition and properties of the
operators (1.4) and (1.6) but both are closely related to the beta dis-
tribution of probability theory.

In this paper we give a localization theorem and a convergence theorem
{based on the localization theorem) for the operators (1.4).

2. THE RESULTS

DEerFINITION 2.1 (Functional Space H(0, «c)). H(0, o0) 1s the linear
space of the functions f(x)e M[0, o) for which | f(x)] < Px* (P>0, x>0,
x>0).

LemMA 2.1. If f(x)e H(0, o), then B, (f; x) exists for all n=Ta] + 1.

THEOREM 2.1.  Let f(x) and g(x) be functions such that
(i) f(x)eH(O, o),
(i) g(x )EM(O,OO),

(1) f(x) is continuous adnd = g(x) at every point of the fixed inter-
val [x,,x,] (0<x, €x,<w0).

Then B,(f: x) exists for x=zx,, n=z[a]+1, and

lim B,(f;x)= lim f8,(g x) (2.1)

n— L 0 A

in [x,, x5], the convergence holding there uniformly.

Proof. Let nz[a]+1. Then by Lemma 2.1, f,(f;x) exists for
xe[x,,x] (0<x,<x,<aoc) Hypothesis (iii) implies the existence of a
number 6 = 6(¢) >0, independent of xe€ [x,, x,], and such that

flu "= fl)l<e2 and  [glu™")—g(x)l <e/2 (2.2)

for ju '—x|{<d, n>0, u>0, and xe[x,, x,]. Also, by Hypotheses (i)
and (i1), we have

| flu "y—glu Y <Pu*+M, (2.3)

where M =sup,.,., | g(t)]. Now, for a fixed xe [x,, x,], we have

BufiX)—Bogx)=| b ) flu=")— glu=")] du

Y0

=J,+J,.
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where

J:,=[ b, ) fu Y—glu V]du  (i=1,2),
Yrne N,

)
X(x+ )

le{uzu>0.|u—_\' < } and N,=[0,2)—N,.

With the help of (2.2) and (2.5) of [1], and Hypothesis (iii) we obtain
| <e (2.4)
Also, by (2.3) we have
|2l <M | b (x, u) du+ P ' box,u)u *du

Yuc N Yie N

ros

<= b (x, u)u—x ")V du
™Yo
P 5
+ = ‘ b (x,uyu u—x ')“du(t— - )
1y X(x+0)
g(xz?w)‘)*[M 2(n+1)
b (n—=1)(n—2)
(n— YA _
+sz{[(n oc+g)[(nfx 2)
B I'(n) I'(n)
B ,,l'(n3<+1)F(n+11)+1'(n—o<)f(n+1)}J
- I'(n) I'(n) I'(n) I(n) '

We may choose a number #,, sufficiently large and such that
PHES for n>n,. (2.5)

(It is clear that n, is independent of xe[x,,x,].) Thus, from (2.4) and
(2.5) we have

IB,(fix)—f.(g:x) <2 (n>n,).

for every xe [x,, x,]. This proves the theorem.
The following theorem is an immediate consequence of the preceding
one.

THEOREM 2.2. Let f(x)e H(0, ov) be continuous at all points of the inter-
val [x,,x:] (0<x,<x,<oc) Then f,(f x)exists for xzx,,nzla]+1,
and

lim f,(/;x)=f(x), uniformly in [x,, x,]. (2.6)

o= s
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Proof.  The first part of the theorem follows by Lemma 2.1. Let
gx)=f(x) in[x,x]

The precise values of g(x) at the remaining points of the interval (0, oo)
(ie., for 0 < x<x, and x, < x < o0 ) are unimportant, but we assume that g
1s bounded and Lebesgue-measurable there.

Both functions f(x) and g(x) satisfy the assumptions made in
Theorem 2.1, thereby giving

lim B,(f;x)= lim B,(g; x) in [x,, x, ], the convergence holding there
S o uniformly.

Also, by [5, Theorem 2.1] we have

lim §,(g:x)=g(x), uniformly in [x,, x,].

n—
Summing up these results, we have

lim f,(/;x)= g(x). uniformly in [x;, x,].

Hn— s

Since f(x)=g(x) in [x,, x,], the proof of the theorem follows.

ACKNOWLEDGMENTS

The author wishes to thank the referee for bringing Dr. Lupag’ work to her knowledge, and
for making some useful suggestions which led to the imporvement of the paper. She is also
thankful to Dr. Lupas for the kind supply of his work on beta operators.

REFERENCES

. A. Luras AND M. MULLER, Approximationseigenschaften der Gammaoperatoren, Math. Z.
98 (1967), 208-226.

2. A. Lupas, "Die Folge der Betaoperatoren,” Dissertation, Universitdt Stuttgart, 1972.

3. R. UpreTi, “Study of Some Distributional and Integral Transforms,” Ph. D. thesis,
Kumaun University, Nainital, India, 1981.

4. R. UpreTi, On sequence-to-sequence transformations, Indian J. Pure Appl. Math. 13
(1982), 454-457.

5. R. UpreTi, On beta approximation operators, J. Indian Math. Sc. (N.S.), in press.

6. R. UPrETI aAND J. M. C. JosHI, Quantitative estimates for the beta operators, submitted for
publication.



